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NON-INVARIANT DEFORMATIONS OF LEFT-INVARIANT COMPLEX
STRUCTURES ON COMPACT LIE GROUPS
HIROAKI ISHIDA AND HISASHI KASUYA
Abstract. We consider deformations of left-invariant complex structures on simply connected
semisimple compact Lie groups which are a priori non-invariant. Computing their cohomologies,
we show that they are not actually biholomorphic to left-invariant (right-invariant) complex struc-
tures.
1. Introduction
It is known that each compact Lie group K of even dimension admits left-invariant (or right-
invariant) complex structures ([12, 13]). Enlarging the class of left-invariant complex structures on
K, in [11] Loeb, Manjar´ın and Nicolau constructed complex structures on K which are a priori
non-invariant. However, it seemed that they did not show any quantitative difference between such
new complex structures and left-invariant (or right-invariant) complex structures. The existence
problem of non-invariant complex structures on compact Lie groups up to biholomorphism may still
remain. The purpose of this paper is to show that there are complex structures on each simply
connected semisimple compact Lie group of even dimension which are not biholomorphic to left-
invariant (right-invariant) complex structures.
Let K be a simply connected semisimple compact Lie group of even dimension. Assume that the
rank is 2l. Let J be a left-invariant complex structure on K. Then, by describing the Kuranishi
space of J , we can construct deformations Jǫ of J which are a priori non-invariant. Associated with
such Jǫ sufficiently near to J , we prove the Borel-Weil-Bott type theorem (Theorem 4.6) and by
using this we compute the cohomology of the holomorphic tangent bundle if certain generic condition
holds (Theorem 4.11). As a result, the dimension of holomorphic vector fields corresponding to Jǫ is
smaller than the one corresponding to any left-invariant (or right-invariant) complex structure and
hence Jǫ is non-invariant (Corollary 4.12).
We explain our computation more precisely by Lie algebras. Let k be the Lie algebra of K
of rank l and g = kC = k ⊗ C. We can associate our non-invariant deformation Jǫ with an l-
tuple (X1, . . .Xl) ∈ gl satisfying [Xi, Xj ] = 0 for each i, j ∈ {1, . . . l}. We will prove that if an
l-tuple (X1, . . .Xl) satisfies certain condition related to roots of a semisimple Lie algebra g, then the
dimension of the linear space of holomorphic vector fields associated with Jǫ is equal to
l + dim g〈X1,...,Xl〉
where g〈X1,...,Xl〉 is the subspace in g consisting of elements commuting with X1, . . . , Xl. This is
not equal to the one associated with any left-invariant (right-invariant) complex structure. We note
that under certain geometric condition, we can determine the Lie algebra structure on the space of
holomorphic vector fields associated with Jǫ.
The case G = SU(2)× SU(2) is a typical example. In this example, our results can be seen as a
Lie theoretic aspect of deformation theory of Calabi-Eckmann type complex structures on S3 × S3
derived from classical dynamical system as in [10].
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2. Notations and conventions
Let K be a simply connected semisimple compact Lie group and k the Lie algebra of K. Take
a maximal torus T ⊂ K with the Lie sub-algebra t. Take the decomposition k = t ⊕ m associated
with the Cartan-Killing bilinear form. Let g = kC and h = tC. Then h is a Cartan sub-algebra of
g. Denote by ∆ (resp. ∆+) the set of roots (resp. positive roots) associated with h. Consider the
subspaces u =
⊕
α∈∆+ gα and b = h⊕ u¯ of g where gα is the root space of a root α. Then b is a Borel
sub-algebra of g and u¯ = [b, b]. We have the decomposition g = u¯⊕h⊕u and m = {X+ X¯ | X ∈ u}.
Since K is simply connected, we can take a unique simply connected complex Lie group G containing
K as a real form. Consider the Lie subgroups B, U and U− corresponding to b, u and u¯ respectively.
3. Deformations of left-invariant complex structures
We regard k, g etc. as the spaces of left-invariant vector fields. Assume dimK is even. In
particular, the rank l of K is even. Let l ⊂ h be a subspace such that h = l⊕ l¯. Set gl = l⊕ u. Then
gl is a sub-algebra of g and g = gl ⊕ g¯l and hence we obtain a left-invariant complex structure Jl
on K. It is known that every left-invariant complex structure can be described in this manner by
taking an appropriate t. Consider the decomposition TKC = T
1,0
Jl
K ⊕ T 0,1Jl K of the tangent bundle
associated with the complex structure Jl.
Let kR be the space of right invariant vector fields on K and gR = kR
C
. Denote by gRhol the image
of the projection p1,0Jl : TKC → T
1,0
Jl
K on gR. It is easily shown that [gR, g] = 0. This implies that
∂¯gRhol = 0 where ∂¯ is the Dolbeault operator on T
1,0K and hence gRhol consists of holomorphic vector
fields. By [l, g¯l] ⊂ u¯, we have ∂¯l = 0. Thus we have the spaces gRhol and l consisting holomorphic
vector fields.
Since K is compact, we obtain a holomorphic action of G on K so that infinitesimal transforma-
tions of the action are holomorphic vector fields in gRhol (see [1, Section 1.8]). By the definition of
gRhol, for this action, the subgroup K ⊂ G acts as the left-multiplication. Thus this action is transi-
tive and hence the complex manifold K is identified with a quotient space G/Ge such that Ge is the
stabilizer of the identity element e of K. Since G and K are simply connected, Ge is the subgroup
of G corresponding to the subspace {X ∈ gRhol | Xe = 0}. This space corresponds to the subspace
g¯l ⊂ g by the standard identification gR ∼= TeKC ∼= g. Thus, Ge is the group exp(¯l) ·U− where U− is
the subgroup of G corresponding to the sub-algebra u¯. Since the action of G on K = G/ exp(¯l) ·U−
is effective, gRhol can be identified with the Lie algebra of G and can be the space of fundamental
vector fields associated with the holomorphic action of G on G/ exp(¯l) ·U−. We notice that we have
isomorphisms g ∼= gR ∼= gRhol. We can regard l as the space of left-invariant holomorphic vector fields
on G/ exp(¯l) · U−. Since K is semisimple, we have gRhol ∩ l = {0}.
The space gRhol⊕ l is in fact the space of all holomorphic vector fields on K with the left-invariant
complex structure Jl by the following proposition.
Proposition 3.1. Denote by (A0,∗(K,T 1,0Jl K), ∂¯) the differential graded Lie algebra of the differential
forms of type (0, ∗) with values in the holomorphic vector bundle T 1,0Jl K with the Dolbeault operator
∂¯. Consider the graded Lie algebra
∧
l¯∗ ⊗ (gRhol ⊕ l) as a sub-algebra of A0,∗(K,T 1,0K). Then the
inclusion
∧
l¯∗ ⊗ (gRhol ⊕ l)→ A0,∗(K,T 1,0Jl K) induces an isomorphism∧
l¯∗ ⊗ (gRhol ⊕ l) ∼= H∗(K,T 1,0Jl K).
Proof. Define the decreasing filtration F ∗ on
∧
g¯∗l by
F r
(∧
g¯∗l
)
=
⊕
p≥r
∧
l¯∗ ⊗
p∧
u¯∗.
By the identification
A0,∗(K,T 1,0K) =
∧
g¯∗l ⊗ C∞(K)⊗ gl,
3we define the decreasing filtration F ∗ on A0,∗(K,T 1,0JlK) by extending the one on
∧
g¯∗l . Consider
the spectral sequence E∗,∗∗ (A
0,∗(K,T 1,0Jl K)) associated with this filtration. Then this filtration is
actually the Borel spectral sequence ([6, Appendix II]) for the holomorphic principal fibration K →
K/T where K/T is regarded as a flag variety G/B and T is equipped with a complex structure
induced by tC = l⊕ l¯. Thus we have
Ep,q2 (A
0,∗(K,T 1,0Jl K)) = H
0,q(T )⊗Hp(G/B,Egl)
where Egl is the homogeneous holomorphic vector bundle associated with the representation B →
GL(gl) induced by the adjoint representation where we identify gl = gl/g¯l. Notice that l ⊂ gl
is a trivial B-submodule and the homogeneous holomorphic vector bundle corresponding to the B-
module u = gl/l is the holomorphic tangent bundle T
1,0G/B. We knowH0,p(G/B) = 0 for p ≥ 1. By
Bott’s result ([2, (14.2)]), we have Hp(G/B, T 1,0G/B) = 0 for p ≥ 1 and H0(G/B, T 1,0G/B) ∼= gRhol
(see [1, Section 4.8. Theorem 2]). We have
H∗(G/B,Egl) = g
R
hol ⊕ l.
Consider the spectral sequence E∗,∗∗ (
∧
l¯∗ ⊗ (gRhol ⊕ l)) of the restriction of the filtration F ∗ on
A0,∗(M,T 1,0Jl K). Obviously we have E
0,q
2 (
∧
l¯∗ ⊗ (gRhol ⊕ l)) =
∧
l¯q ⊗ (gRhol ⊕ l) and Ep,q2 (
∧
l¯∗ ⊗
(gRhol ⊕ l)) = 0 for p 6= 0. It is sufficient to show that the map ι : E∗,∗2 (
∧
l¯∗ ⊗ (gRhol ⊕ l)) →
E∗,∗2 (A
0,∗(K,T 1,0K)) on E2-term induced by the inclusion
∧
l¯∗ ⊗ (gRhol ⊕ l) → A0,∗(K,T 1,0K) is
an isomorphism. We can easily check that H0,q(T ) ∼= ∧q l¯∗. Hence this follows from the above
arguments.

Let Kl = {ǫ ∈ l¯∗ ⊗ (gRhol ⊕ l) | [ǫ, ǫ] = 0}. For sufficiently small ǫ ∈ Kl, the complex sub-bundle
(Id + ǫ¯)TK1,0 ⊂ TKC defines an integral almost complex structure Jl+ǫ on K. By the above
proposition, l¯∗ ⊗ (gRhol ⊕ l) ∼= H1(M,T 1,0K) and the cohomology class of the bracket [ǫ, ǫ] is trivial
if and only if [ǫ, ǫ] = 0. Thus by the Kodaira-Spencer theory, Kl gives a complete deformation of Jl
(see [7, Section 6]). In particular every small deformation of Jl is isomorphic to Jl+ǫ for some small
ǫ ∈ Kl.
Take a basis η1, . . . ηl of l¯
∗. Then, for ǫ ∈ l¯∗ ⊗ (gRhol ⊕ l), write
ǫ =
∑
ηi ⊗ (Xi + Yi).
for Xi ∈ gRhol and Yi ∈ l. We have [ǫ, ǫ] =
∑
ηi∧ηj [Xi, Xj ]. Thus [ǫ, ǫ] = 0 if and only if [Xi, Xj ] = 0
for every i, j ∈ {1, . . . , l}. Thus Kl is identified with the analytic space
{(X1 + Y1, . . . , Xl + Yl) ∈ (gRhol ⊕ l)l | ∀i, j ∈ {1, . . . , l}, [Xi, Xj ] = 0}.
If Xi = 0 for every i ∈ {1, . . . , l}, then Jl+ǫ is also a left-invariant complex structure. Otherwise
Jl+ǫ a priori non-invariant. We will see this essentially non-invariant. For our main interests, we
may assume Yi = 0 for every i ∈ {1, . . . , l}.
Consider the complex homogeneous space G/U−. By the Iwasawa decomposition, we have the
embedding K ⊂ G/U−. We notice that this embedding is not holomorphic for the complex structure
Jl. But the complex structure Jl is induced by the transversality of TK and the global holomorphic
distribution l¯ on G/U−. For ǫ ∈ Kl, we consider the deformed distribution (Id+ǫ)(¯l) on G/U−.
If ǫ ∈ Kl is sufficiently small, TK is also transverse to (Id+ǫ)(¯l). This transversality induces the
deformed complex structure Jl+ǫ onK. Indeed, we can check that (Id+ǫ¯)T
1,0
Jl
K is sent to T 1,0G/U−
modulo the global distribution (Id+ǫ)(¯l) via the embedding K ⊂ G/U−.
Example 3.2. ConsiderK = SU(2)×SU(2). Regarding k = su(2)⊕su(2), take k = 〈T1, U1, V1, T2, U2, V2〉
such that
T1 =
((
i 0
0 −i
)
, 0
)
, U1 =
((
0 1
1 0
)
, 0
)
, V1 =
((
0 i
−i 0
)
, 0
)
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and
T2 =
(
0,
(
i 0
0 −i
))
, U2 =
(
0,
(
0 1
1 0
))
, V2 =
(
0,
(
0 i
−i 0
))
.
Let t1, u1, v1, t2, u2, , v2 be the dual basis. Take t = 〈T1, T2〉 and u = 〈E2it1 = U1 − iV1, E2it2 =
U2− iV2〉. Then we should take l = 〈−bT2+ i(T1+ aT2)〉 for real numbers a and b 6= 0. In this case,
we have the smooth complete deformation of Jl parametrized by a neighborhood of 0 in g
R
hol ⊕ l.
For G = SL(2,C) × SL(2,C), since U− is the lower triangular unipotent subgroup of G, we
identify G/U− ∼= (C2 − {0})× (C2 − {0}) by
G/U− ∋
[(
z′1 z1
z′2 z2
)
,
(
w′1 w1
w′2 w2
)]
7→ ((z1, z2), (w1, w2)) ∈ (C2 − {0})× (C2 − {0}).
In this identification, we can regard l¯ =
〈
z1
∂
∂z1
+ z2
∂
∂z2
+ c(w1
∂
∂w1
+ w2
∂
∂w2
)
〉
where c = a + bi.
We can see that SU(2) is embedded in C2 − {0} as the standard 3-sphere S3 ⊂ C2 − {0}. Thus,
the complex manifold (K, Jl) is S
3 × S3 with the complex structure given by the transversality
between S3×S3 and the global distribution
〈
z1
∂
∂z1
+ z2
∂
∂z2
+ c(w1
∂
∂w1
+ w2
∂
∂w2
)
〉
. This is actually
a Calabi-Eckmann manifold (see [10]). We have
gRhol =


∑
i,j≤2
aijzi
∂
∂zj
∣∣∣∣∣∣ a11 + a22 = 0

⊕


∑
i,j≤2
bijwi
∂
∂wj
∣∣∣∣∣∣ b11 + b22 = 0


on G/U− ∼= (C2 − {0})× (C2 − {0}). This implies
gRhol ⊕ l =


∑
i,j≤2
(
aijzi
∂
∂zj
+ bijwi
∂
∂wj
) ∣∣∣∣∣∣ a11 + a22 + cb11 + cb22 = 0

 .
By the above argument, every small deformation of Jl is given by the transversality between S
3×S3
and the global distribution
〈
z1
∂
∂z1
+ z2
∂
∂z2
+ c(w1
∂
∂w1
+ w2
∂
∂w2
) +
∑
i,j≤2
(
aijzi
∂
∂zj
+ bijwi
∂
∂wj
)〉
for complex numbers aij , bij with a11 + a22 + cb11 + cb22 = 0. This fact is also a consequence of the
result in [10].
4. Cohomology computation for Jl+ǫ
In this section we study the cohomology ofK with a (a priori) non-left-invariant deformed complex
structure Jl+ǫ for ǫ =
∑
ηi ⊗Xi such that Xi ∈ gRhol satisfy [Xi, Xj] = 0 for every i, j ∈ {1, . . . , l}.
We fix a basis η1, . . . ηl of l¯
∗ and consider X1, . . . , Xl as parameters of deformations.
4.1. Kostant’s theorem. Consider the decompositions g = u¯⊕ h⊕ u and u =⊕α∈∆+ gα. Denote
by (, )CK : g × g → C the Cartan-Killing form. Then we can choose a basis {Eα}α∈∆+ of u (resp.
{E−α}α∈∆+ of u¯) so that
• Eα ∈ gα,
• (Eα, Eβ)CK = δαβ for α, β ∈ ∆+,
• ([Eα, E−α], A)CK = α(A) for A ∈ h.
Identifying u as the dual space u¯∗ via the Cartan-Killing form, we can regard {Eα}α∈∆+ as a
basis of u¯∗. For each (ordered) subset Φ = {α1, . . . , αj} ⊂ ∆+, we write EΦ = Eα1 ∧ · · · ∧ Eαj as
an element of
∧
u¯∗. Let W be the Weyl group of g. For σ ∈ W , we define the subset Φσ ⊂ ∆+ by
Φσ = σ(−∆+)∩∆+. The number |Φσ| is called the length of σ ∈ W . For a simple root α, denoting
by σα ∈W the reflection corresponding to α, we note σα(−∆+)∩∆+ = {α}. Denote by W (k) ⊂W
the subset of elements of length k.
Let D be the set of dominant integral weights. For λ ∈ D, let νλ : g → End(V λ) be the
irreducible representation of g on a vector space V λ whose highest weight is λ. We consider the dual
representation ν∗λ : g → End((V λ)∗). This is an irreducible representation whose lowest weight is
5−λ. For each σ ∈W , take a weight vector v±σλ of (V λ)∗ for the weight ±σλ which exists uniquely
up to scalar multiplication.
Consider the cochain complex
∧
u¯∗ ⊗ (V λ)∗ of the Lie algebra u¯ for the restriction of the repre-
sentation νλ. For the cohomology H
∗(u¯, (V λ)∗) of this complex, we have:
Theorem 4.1 ([9, Theorem 5.14]).
Hk(u¯, (V λ)∗) =
⊕
σ∈W (k)
〈[EΦσ ⊗ v−σλ]〉.
Remark 4.2. In [9], Kostant stated Hk(u, V λ) =
⊕
σ∈W (k)〈[E−Φσ ⊗ vσλ]〉.
4.2. Deformed Borel-Weil-Bott Theorem. We consider a deformed complex manifold (K, Jl+ǫ)
for ǫ =
∑
ηi⊗Xi such that Xi ∈ gRhol satisfy [Xi, Xj] = 0 for every i, j ∈ {1, . . . , l}. Take a dual basis
A1, . . . , Al of η1, . . . ηl. Then, since ǫ is sufficiently small, the holomorphic tangent bundle T
(1,0)
Jl+ǫ
K of
(K, Jl+ǫ) is C
∞-trivialized (not holomorphic) by the global frame {A1+X¯1, . . . , Al+X¯l, {Eα}α∈∆+}.
Since X1, . . .Xn are holomorphic for the left-invariant complex structure Jl and [Xi, Xj ] = 0 for
every i, j ∈ {1, . . . , l}, we have
[Ai + X¯i, Aj + X¯j] = 0
and
[Ai + X¯i, Eα] = α(Ai)Eα.
Thus the vector space gǫl = 〈A1 + X¯1, . . . Al + X¯l, {Eα}〉 is a Lie sub-algebra of the Lie algebra of
vector fields on K and we have the isomorphism gǫl
∼= gl given by
gǫl ∋ Ai + X¯i 7→ Ai ∈ gl
and
gǫl ∋ Eα 7→ Eα ∈ gl.
For the abelian Lie algebra lǫ = 〈A1 + X¯1, . . . Al + X¯l〉, we have gǫl = lǫ ⋉ u.
Let ρ : g¯l → gl(Vρ) be a representation on a complex vector space Vρ. Via the isomorphism
gǫl
∼= gl we obtain the representation ρǫ : g¯ǫl → gl(Vρ). We consider the C∞-trivial vector bundle
Eρ = K × Vρ with the holomorphic structure ∂¯ρ = ∂¯ + ρǫ where we regard ρǫ ∈ g¯ǫl∗ ⊗ gl(Vρ) as a
(0, 1)-form on K with values in End(Eρ). We will compute the cohomology of the Dolbeault complex
(A0,∗(K,Eρ), ∂¯ρ) with values in the holomorphic vector bundle Eρ. Regrading the space C∞(K) of
smooth functions on K as a g¯ǫl -module, we identify the Dolbeault complex (A
0,∗(K, Eρ), ∂¯ρ) with
the Lie algebra complex ∧
g¯ǫl
∗ ⊗ Vρ ⊗ C∞(K).
By the Peter-Weyl theorem, we have the decomposition L2(K) =
∑
λ∈D V
λ ⊗ (V λ)∗ as a kR ⊕
k-module. Take the Hermitian metric of T
(1,0)
Jl+ǫ
K so that the global frame {A1 + X¯1, . . . , Al +
X¯l, {Eα}α∈∆+} is normal orthogonal. Then, its Laplacian operator preserves each g¯ǫl ∗ ⊗ Vρ ⊗ V λ ⊗
(V λ)∗. Thus, we have an isomorphism
H∗(g¯ǫl , Vρ ⊗ C∞(K)) ∼=
⊕
λ∈D
H∗(g¯ǫl , Vρ ⊗ V λ ⊗ (V λ)∗).
Since we must regard the kR-module V λ as a gRhol-module, we notice that V
λ is a non-trivial g¯ǫl -
module as (A¯i+Xi)·v = νλ(Xi)v for v ∈ V λ. Thus we should compute the cohomology of the Lie al-
gebra complex
∧
g¯ǫl⊗Vρ⊗V λ⊗(V λ)∗. We consider the spectral sequenceEp,q2
(∧
g¯ǫl ⊗ Vρ ⊗ V λ ⊗ (V λ)∗
)
of this complex associated with the ideal u¯ ⊂ g¯ǫl . Then we have
Ep,q2
(∧
g¯ǫl ⊗ Vρ ⊗ V λ ⊗ (V λ)∗
)
= Hp(l¯ǫ, Hq(u¯, Vρ ⊗ (V λ)∗)⊗ V λ).
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We suppose dim Vρ = 1. Then ρ is a character of g¯l. Thus ρǫ is a character of the abelian Lie algebra
l¯ǫ and we have
Ep,q2
(∧
g¯ǫl ⊗ Vρ ⊗ V λ ⊗ (V λ)∗
)
= Hp(l¯ǫ, Hq(u¯, (V λ)∗)⊗ V λ ⊗ Vρ).
By Theorem 4.1, we have
Ep,q2
(∧
g¯ǫl ⊗ Vρ ⊗ V λ ⊗ (V λ)∗
)
= Hp

l¯ǫ, ⊕
σ∈W (k)
〈[EΦσ ⊗ v−σλ]〉 ⊗ V λ ⊗ Vρ

 .
Since [Xi, Xj ] = 0 for every i, j ∈ {1, . . . , l}, there exists a set S(λ,X1, . . . , Xl) = {β} of maps
β : {X1, . . .Xl} → C such that we can decompose V λ =
⊕
β∈S(λ,X1,...,Xl)
V λ(β) so that for every
i ∈ {1, . . . , l}, V λ(β) is the generalized β(Xi)-eigenspace of νλ(Xi).
Definition 4.3. We say (σ, λ, β) is a (ρ,X1, . . . , Xl)-resonance if σ ∈ W , λ ∈ D and β ∈ S(λ,X1, . . . , Xl)
satisfy the equation ∑
α∈Φσ
α(A¯i)− σλ(A¯i) + ρ(A¯i) + β(Xi) = 0
for every i ∈ {1, . . . , l}.
Remark 4.4. This definition is inspired by the resonant condition in the Poincare´-Dulac theorems
and its application to the deformations of complex structures ([4, 10]).
Denote byR(ρ,X1, . . . , Xl) the set of (ρ,X1, . . . , Xl)-resonances and denote byR(ρ,X1, . . . , Xl)(λ)
its subspace {(σ, λ, β) ∈ R(ρ,X1, . . . , Xl)} for fixed λ. We consider the subspace∧
l¯ǫ
∗ ⊗
⊕
R(ρ,X1,...,Xl)(λ)
〈EΦσ ⊗ v−σλ〉 ⊗ V λ(β) ⊗ Vρ
of
∧
g¯ǫl
∗ ⊗ Vρ ⊗ V λ ⊗ (V λ)∗ =
∧
l¯ǫ
∗ ⊗∧ u¯∗ ⊗ Vρ ⊗ V λ ⊗ (V λ)∗. We can say that this subspace is a
sub-complex by the following way. Define the nilpotent l¯ǫ-module V˜ λ(β) so that V˜ λ(β) = V λ(β) as
a vector space and (A¯i +Xi) · v = (νλ(Xi)− β(Xi))v for v ∈ V˜ (β). Then each component∧
l¯ǫ
∗ ⊗ 〈EΦσ ⊗ v−σλ〉 ⊗ V λ(β) ⊗ Vρ
is identified with the Lie algebra complex
∧
l¯ǫ
∗⊗ V˜ λ(β) by the equation of the Definition 4.3 sifting
the degree −|Φσ|.
Proposition 4.5. The inclusion∧
l¯ǫ
∗ ⊗
⊕
(σ,λ,β)∈R(ρ,X1,...,Xl)(λ)
〈EΦσ ⊗ v−σλ〉 ⊗ V λ(β)⊗ Vρ ⊂
∧
g¯ǫl
∗ ⊗ Vρ ⊗ V λ ⊗ (V λ)∗
induces a cohomology isomorphism.
Proof. Consider the spectral sequence of
∧
l¯ǫ
∗⊗⊕R(ρ,X1,...,Xl)(λ)〈EΦσ ⊗ v−σλ〉⊗V λ(β)⊗Vρ for the
filtration which is the restriction of the filtration on
∧
g¯ǫl
∗ ⊗ Vρ ⊗ V λ ⊗ (V λ)∗ associated with the
ideal u¯ ⊂ g¯ǫl . Then its E2-term is
Hp

l¯ǫ, ⊕
R(ρ,X1,...,Xl)(λ)
σ∈W (q)
〈[EΦσ ⊗ v−σλ]〉 ⊗ V λ ⊗ Vρ

 .
By simple arguments on the cohomology of abelian Lie algebra(see [8, Lemma 3.1]), we can say that
this E2-term is isomorphic to
Ep,q2
(∧
g¯ǫl ⊗ Vρ ⊗ V λ ⊗ (V λ)∗
)
= Hp

l¯ǫ, ⊕
σ∈W (q)
〈[EΦσ ⊗ v−σλ]〉 ⊗ V λ ⊗ Vρ

 .
7This implies that the inclusion we should consider induces an isomorphism on the E2-term of the
spectral sequences and hence the proposition follows. 
This proposition gives the following Borel-Weil-Bott type theorem.
Theorem 4.6.
H∗(K, Eρ) ∼=
⊕
(σ,λ,β)∈R(ρ,X1,...,Xl)
H∗−|Φσ|(l¯ǫ, 〈EΦσ ⊗ v−σλ〉 ⊗ V λ(β) ⊗ Vρ).
In particular, if R(ρ,X1, . . . , Xl) = ø, then H
∗(K, Eρ) = 0.
For the identity element e ∈W , define the subsetRe(ρ,X1, . . . , Xl) = {(e, λ, β) ∈ R(ρ,X1, . . . , Xl)}
of R(ρ,X1, . . . , Xl). Then:
Corollary 4.7.
H0(K, Eρ) =
⊕
(σ,λ,β)∈Re(ρ,X1,...,Xl)
(〈v−λ〉 ⊗ V λ(β)⊗ Vρ)〈X1,...,Xl〉 .
If the set {X1, . . . , Xl} contained in some Cartan sub-algebra of gRhol, then all νλ(Xi) are si-
multaneously diagonalizable and so each nilpotent l¯ǫ-module V˜ (β) is trivial. Thus in this case we
have
H∗(K, Eρ) ∼=
⊕
(σ,λ,β)∈R(ρ,X1,...,Xl)
∧
l¯ǫ ⊗ 〈EΦσ ⊗ v−σλ〉 ⊗ V λ(β)⊗ Vρ.
Definition 4.8. {X1, . . . , Xl} is called non-resonant for ρ ifR(ρ,X1, . . . , Xl) = ∅ orR(ρ,X1, . . . , Xl) =
{(σ, λ, 0)}.
Remark 4.9. Suppose ρ is integral. Then we can say that the non-resonant condition is generic
in the following sense. Since
∑
α∈Φσ
α − σλ + ρ is integral for any σ ∈ W and λ ∈ D, we can
take A1, . . . , Al so that
∑
α∈Φσ
α(A¯i) − σλ(A¯i) + ρ(A¯i) ∈ Q[
√−1] for all σ, λ. Let w1, . . . , wr be
the fundamental weights of g associated with h. Take V wi =
⊕
βij∈S(wi,X1,...,Xl)
V λ(βij) as above.
Since any λ ∈ D is λ =∑niwi (ni ∈ N), each β ∈ S(λ,X1, . . . , Xl) is β =∑mijβij (mij ∈ N). If
βij(Xk) is irrational or 0 for every i, j, k, then {X1, . . . , Xl} is non-resonant for ρ since we can say
that the equality ∑
α∈Φσ
α(A¯i)− σλ(A¯i) + ρ(A¯i) + β(Xi) = 0
holds for every i ∈ {1, . . . , l} only if β = 0.
The condition R(ρ,X1, . . . , Xl) = {(σ, λ, 0)} occurs only if
∑
α∈Φσ
α−σλ+ρ = 0 for some σ ∈W
and λ ∈ D. We notice that ∑α∈Φσ α − σλ + ρ = 0 for some σ ∈ W and λ ∈ D if and only if
ρ is integral and ρ + 12
∑
α∈∆+ α is regular in the sense of [9, Section 5.9]. By Theorem 4.6, if
{X1, . . . , Xl} is non-resonant for ρ, then we have
H∗(K, Eρ) ∼= H∗−|Φσ |(l¯ǫ, 〈EΦσ ⊗ v−σλ〉 ⊗ V λ(0)⊗ Vρ)
for some σ ∈W if ρ is integral and ρ+ 12
∑
α∈∆+ α is regular or
H∗(K, Eρ) ∼= 0
otherwise. We notice that we have
H∗(l¯ǫ, 〈EΦσ ⊗ v−σλ〉 ⊗ V λ(0)⊗ Vρ) ∼= H∗(Cl, V λ(0))
by the equality
∑
α∈Φσ
α − σλ + ρ = 0 and dim〈EΦσ ⊗ v−σλ〉 ⊗ Vρ = 0 where V λ(0) is the gen-
eralized eigenspace corresponding to the eigenvalue 0 for the linear operators νλ(X1), . . . , ν
λ(Xl)
and H∗(Cl, V λ(0)) is the Lie algebra cohomology of the abelian Lie algebra Cl with values in the
representation Cl → End(V λ(0)) so that for the standard basis e1, . . . el of Cl, each ei represents the
linear operator of νλ(Xi).
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Obviously {0, . . . , 0} is non-resonant for any ρ, in this case
H∗(K, Eρ) ∼= 0
or
H∗(K, Eρ) ∼=
∧
l¯ǫ
∗ ⊗ V λ.
This is a consequence of Borel-Weil-Bott Theorem as in [2], [9, Section 6].
4.3. Cohomology of the holomorphic tangent bundle. We consider the holomorphic tangent
bundle T
(1,0)
Jl+ǫ
K of the complex manifold (K, Jl+ǫ). This is the vector bundle generated by global
C∞-distribution gǫl = 〈A1 + X¯1, . . . Al + X¯l, {Eα}〉. Let p(1,0)ǫ : TKC → T (1,0)Jl+ǫ K be the projection.
Then we consider the space h
(1,0)
ǫ = p
(1,0)
ǫ (h) of sections of T
(1,0)
Jl+ǫ
K. By tC = h, h
(1,0)
ǫ = {B −√−1Jl+ǫ(B) | B ∈ t}. We can take sufficiently small ǫ so that dim l = dim h(1,0)ǫ . Since we have
[B,E−α] = −α(B)E−α and [B,Ai + X¯i] = 0 for any B ∈ h, we can say ∂¯(h(1,0)ǫ ) = 0 where ∂¯
is the Dolbeault operator of T
(1,0)
Jl+ǫ
K. By [Eα, E−α] ∈
√−1t, we have p(1,0)ǫ ([Eα, E−α]) ∈ h(1,0)ǫ .
This implies that the vector space Vτ of sections of T
(1,0)
Jl+ǫ
K generated by h
(1,0)
ǫ and {Eα} is a
g¯ǫl -module with a representation τǫ : g¯
ǫ
l → End(Vτ ). For the representation τ : g¯l → End(Vτ )
associated with τǫ via the isomorphism g
ǫ
l
∼= gl, we have T (1,0)Jl+ǫ K ∼= Eτ . We compute the cohomology
H∗(K,T
(1,0)
Jl+ǫ
K) = H∗(K, Eτ ).
Let E
h
(1,0)
ǫ
⊂ Eτ be the sub-bundle of Eτ generated by the distribution h(1,0)ǫ . Since ∂¯(h(1,0)ǫ ) = 0,
E
h
(1,0)
ǫ
is a trivial holomorphic bundle. Thus, we have
H∗(K, E
h
(1,0)
ǫ
) ∼= H0,∗(K)⊗ h(1,0)ǫ .
If {X1, . . . , Xl} is non-resonant for the trivial representation ρ = 0, we have
H0,∗(K) ∼=
∧
l¯ǫ
∗
.
We consider the inclusion
∧
l¯ǫ
∗ ⊗ h(1,0)ǫ ⊂ A0,∗(M,T 1,0Jl+ǫK). Then, taking the Hermitian metric on
T 1,0Jl+ǫK associated with the global frame A1 + X¯1, . . . Al + X¯l, {Eα}, we can say that
∧
l¯ǫ
∗ ⊗ h(1,0)ǫ
consists harmonic forms in A0,∗(M,T 1,0Jl+ǫK). Thus the inclusion
∧
l¯ǫ
∗ ⊗ h(1,0)ǫ ⊂ A0,∗(M,T 1,0Jl+ǫK)
induces an injection H∗(K, E
h
(1,0)
ǫ
) ∼= ∧ l¯ǫ∗ ⊗ h(1,0)ǫ →֒ H∗(K,T (1,0)Jl+ǫ K).
We consider the quotient bundle Eu = Eτ/Eh(1,0)ǫ . We have H
∗(K, Eτ ) ∼=
∧
l¯ǫ
∗⊗h(1,0)ǫ ⊕H∗(K, Eu)
by the above argument. We decompose ∆ = ∆1 ⊔ . . . ,⊔∆m such that each ∆i is an irreducible
root system. Then, we have a direct sum Eu = E1 ⊕ · · · ⊕ Em where each Ei is the sub-bundle of Eu
generated by {Eα}α∈∆i∩∆+ .
We consider the irreducible root system ∆i. For each α ∈ ∆i ∩∆+, we denote by Vα the smooth
sub-bundle of Ei generated by the vector field Eα. Then, by the theory of roots, we can take a total
ordering ≤ of ∆i ∩∆+ such that for any β ∈ ∆i ∩∆+ the smooth sub-bundle E≤β =
⊕
α≤β Vα of Ei
is a holomorphic sub-bundle of Ei and the maximal one in ∆i ∩∆+ associated with this order is a
highest weight of an adjoint representation of g. Writing ∆i ∩∆+ = {α1, . . . , αM} so that αj ≤ αk
if and only if j ≤ k, then we have a sequence
E≤α1 ⊂ E≤α2 ⊂ · · · ⊂ E≤αM = Ei
of holomorphic sub-bundles of Ei and E≤αj/E≤αj−1 ∼= Eαj .
Proposition 4.10. (cf. [1, Section 4.8]) If {X1, . . . , Xl} is non-resonant for every αj ∈ ∆i ∩∆+,
then the quotient map Ei → E≤αM /E≤αM−1 induces a cohomology isomorphism
H∗(K, Ei) ∼= H∗(K, EαM ) ∼= H∗(l¯ǫ, 〈v−αM 〉 ⊗ V αM (0)⊗ 〈[EαM ]〉).
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0 // H0(K, E≤αk−1) // H0(K, E≤αk) // H0(K, Eαk) // H1(K, E≤αk−1) // . . . .
In case R(αk, X1, . . . , Xl) = {(σ, λ, 0)} if and only if αk = αM , by Theorem 4.6, the proposition
easily follows from an iteration of computations on long exact sequences.
We consider the case R(αk, X1, . . . , Xl) = {(σ, λ, 0)} holds for αk 6= αM . For such αk, αk +
1
2
∑
∆+ α is regular. This happens only if the type of ∆i is Br, Cr, F4 or G2. (see [1, Section 4.7]).
Suppose ∆i is Br, Cr or F4. Then, as the table of [1, Page 129], we have α
′, α′′ ∈ ∆+ − {αM} such
that
(1) α′ = α′′ + β for some simple root β.
(2) For αk ∈ ∆i ∩∆+, αk+ 12
∑
∆+ α is regular if and only if αk = α
′, α′′ or αM . αk ∈ D if and
only if αk = α
′ or αM .
(3) σβ(α
′) = α′ where σβ ∈W is the reflection corresponding to β.
By the first condition, we can take an ordering such that αj = α
′ and αj−1 = α
′′ for some j. By the
second and third condition, by an iteration of computations on long exact sequences with Theorem
4.6, the quotient E≤αj−1 → E≤αj−1/E≤αj−2 induces a cohomology isomorphism
H∗(K, E≤αj−1) ∼= H∗−1(l¯ǫ, 〈Eβ ⊗ v−α′〉 ⊗ V α
′
(0)⊗ 〈[Eα′′ ]〉)
and we have
H∗(K, Eαj ) ∼= H∗(l¯ǫ, 〈v−α′〉 ⊗ V α
′
(0)⊗ 〈[Eα′ ]〉).
Thus, for the long exact sequence
0 // H0(K, E≤αj−1 ) // H0(K, E≤αj ) // H0(K, Eαj ) // H1(K, E≤αj−1) // . . . ,
we can easily say that the boundary map H∗(K, Eαj ) → H∗+1(K, E≤αj−1) is an isomorphism and
hence H∗(K, E≤αj ) = 0. Now, by the first condition of α′, α′′, the proposition follows from an
iteration of computations on long exact sequences.
Suppose ∆i is G2. Then, for simple roots α, β corresponding to the Cartan matrix
(
2 −3
−1 2
)
,
we have
∆i ∩∆+ = {α1 = α, α2 = β, α3 = α+ β, α4 = 2α+ β, α5 = 3α+ β, α6 = 3α+ 2β}.
By the table of [1, Page 129], αk +
1
2
∑
∆+ α is regular if and only if αk = α2, α4 or α6 and αk ∈ D
if and only if αk = α4 or α6. Since σα(α4) = α + β, by the long exact sequence, the quotient
E≤α2 → E≤α2/E≤α1 induces a cohomology isomorphism
H∗(K, E≤α2) ∼= H∗−1(l¯ǫ, 〈Eα ⊗ v−α−β〉 ⊗ V α4(0)⊗ 〈[Eβ ]〉)
and the quotient E≤α4/E≤α2 → E≤α4/E≤α3 induces a cohomology isomorphism
H∗(K, E≤α4/E≤α2) ∼= H∗(l¯ǫ, 〈v−2α−β〉 ⊗ V α4(0)⊗ 〈[E2α+β ]〉).
By α3 = α+ β, for certain non-zero constant C, we have
H∗(K, E≤α4/E≤α2) ∼= H∗(l¯ǫ, V α4(0)⊗ 〈v−2α−β ⊗ [E2α+β ] + Cv−α−β ⊗ [Eα+β ]〉).
For the long exact sequence
0 // H0(K, E≤α2) // H0(K, E≤α4) // H0(K, E≤α4/E≤α2) // H1(K, E≤α2) // . . . ,
we can easily say that the boundary map H∗(K, E≤α4/E≤α2) → H∗+1(K, E≤α2) is an isomorphism
and hence H∗(K, E≤α4) = 0. Hence the proposition follows from the long exact sequences for E≤α5
and E≤α6 . 
We identify g ∼= gRhol. Consider the decomposition g = g1 ⊕ · · · ⊕ gm associated with ∆ =
∆1 ⊔ . . . ,⊔∆m. Then, each gi is an irreducible g-module V αM corresponding to αM ∈ D. This
proposition with Remark 4.9 implies the following theorem.
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Theorem 4.11. If {X1, . . . , Xl} is non-resonant for every α ∈ ∆+ and the trivial representation 0,
then we have an isomorphism of C-vector space
H∗(K,T 1,0Jl+ǫK)
∼=
∧
Cl ⊗ Cl ⊕H∗(Cl, g(0))
where l = 12 rankK, g(0) is the generalized eigenspace corresponding to the eigenvalue 0 for the
adjoint operators of X1, . . . , Xl and H
∗(Cl, g(0)) is the Lie algebra cohomology of the abelian Lie
algebra Cl with values in the representation Cl → End(g(0)) so that for the standard basis e1, . . . el
of Cl, each ei represents the adjoint operator of Xi. In particular
• We have an isomorphism of C-vector space
H0(K,T 1,0Jl+ǫK)
∼= Cl ⊕ g〈X1,...,Xl〉.
• If X1, . . . , Xl are contained in a same Cartan subalgebra of g, then
H∗(K,T 1,0Jl+ǫK)
∼=
∧
Cl ⊗ (Cl ⊕ g〈X1,...,Xl〉).
Corollary 4.12. If {X1, . . . , Xl} 6= {0, . . . , 0} and {X1, . . . , Xl} is non-resonant for every α ∈ ∆+
and the trivial representation 0, then the complex manifold (K, Jl+ǫ) is not biholomorphic to K with
any left-invariant or right-invariant complex structure.
Proof. By Proposition 3.1, the dimension of the vector space of holomorphic vector fields on K with
a left-invariant (resp. right-invariant) complex structure is l + dim g and we have
l + dim g > l + dim g〈X1,...,Xl〉 = dimH0(K,T 1,0Jl+ǫK)).

As we noticed in Remark 4.9, for each α ∈ ∆+ the non-resonant condition is generic. Hence we
can say that there exists a small deformation of a left-invariant complex structure on K which is
not biholomorphic to any left-invariant or right-invariant complex structure..
Example 4.13. We consider Example 3.2. Take A1 = −bT2 + i(T1 + aT2) and small X1 ∈ gRhol.
We have ∆+ = {2it1} ∪ {2it2} and W = {±1} × {±1}. Any irreducible representation V λ of K
corresponds to λ = mit1 + nit2 for m,n ∈ N. We can easily say that if X1 is sufficiently small, then
X1 is non-resonant for every α ∈ ∆+ and the trivial representation 0. By the above result, if X1 is
sufficiently small, then we have an isomorphism of C-vector space
H0(K,T 1,0Jl+ǫK)
∼= C⊕ (sl2(C))〈X1〉 ⊕ (sl2(C))〈X1〉.
In resonant case, Theorem 4.11 does not hold. Let b = 1, a = 0 and X1 =
1
3T
R
1 . Then we have
v3it
R
1 ⊗ (v−3it1 ⊗ E2it1 + E−2it1 · (v−3it1)⊗ p1,0ǫ ([E2it1 , E−2it1 ])) ∈ H0(K,T 1,0Jl+ǫK)
where v±3it1 and v±3it
R
1 are highest (lowest) weight vectors in representations V 3it1 and V 3it
R
1 with
highest (lowest) weights ±3it1 and ±3itR1 respectively. Consider G/U− = (C2 − {0}) × (C2 −
{0}). Then the complex manifold (K, Jl+ǫ) is given by the transversality between S3 × S3 and〈
4
3z1
∂
∂z1
+ 23z2
∂
∂z2
+ w1
∂
∂w1
+ w2
∂
∂w2
〉
. We have a non-trivial holomorphic vector field on S3 × S3
with such complex structure which is given by the (43 ,
2
3 , 1, 1)-resonant vector field z
2
2
∂
∂z1
(see [4],[10]).
4.4. The Lie algebra of holomorphic vector fields and the group of automorphisms. Take
the complex Lie subgroup H ⊂ G corresponding to h. Consider the action of G×H on the complex
homogeneous space G/U− so that for (g, h) ∈ G × H and [x] ∈ G/U−, the action is given by
(g, h) · [x] = [g−1xh]. Take the subgroup
exp
(
l¯ǫ
)
=
{(
exp
(
l∑
t=1
tiXi
)
, exp
(
l∑
t=1
tiA¯i
))
∈ G×H
∣∣∣∣∣ (t1, . . . , tl) ∈ Cl
}
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in G × H . We assume that every exp (l¯ǫ)-orbit intersects with K at only one point in G/U−.
Then, the quotient (G/U−)/ exp
(
l¯ǫ
)
is biholomorphic to the complex manifold (K, Jl+ǫ). Denote
by G〈X1,...,Xl〉 the subgroup in G consisting of g ∈ G such that the adjoint operator of g fixes
X1, . . . , Xl. The Lie algebra of this Lie group is g
〈X1,...,Xl〉. Since G〈X1,...,Xl〉 ×H commutes with
exp
(
l¯ǫ
)
inG×H , we have the holomorphic action ofG〈X1,...,Xl〉×H on (G/U−)/ exp (l¯ǫ) ∼= (K, Jl+ǫ).
Denote by Aut(K, Jl+ǫ) the group of automorphisms of the complex manifold (K, Jl+ǫ). We have
the homomorphism ψǫ : G〈X1,...,Xl〉 × H → Aut(K, Jl+ǫ). Since G is semisimple, we can easily
compute the kernel of this homomorphism as
ker(ψǫ) = {(az, bz−1) | (a, b) ∈ exp (l¯ǫ) , z ∈ Z(G)}
and hence its Lie algebra is l¯ǫ = 〈A¯1+X1, . . . A¯l+Xl〉 ⊂ g〈X1,...,Xl〉⊕h. Thus, we have the embedding
of (g〈X1,...,Xl〉 ⊕ h)/l¯ǫ into H0(K,T 1,0Jl+ǫK) as a Lie subalgebra. By Theorem 4.11, we have:
Theorem 4.14. If {X1, . . . , Xl} 6= {0, . . . , 0} and {X1, . . . , Xl} is non-resonant for every α ∈ ∆+
and the trivial representation 0 and every exp
(
l¯ǫ
)
-orbit intersects with K at only one point in G/U−,
then we have a Lie algebra isomorphism
H0(K,T 1,0Jl+ǫK)
∼= (g〈X1,...,Xl〉 ⊕ h)/l¯ǫ.
Corollary 4.15. If {X1, . . . , Xl} 6= {0, . . . , 0} and {X1, . . . , Xl} is non-resonant for every α ∈ ∆+
and the trivial representation 0 and every exp
(
l¯ǫ
)
-orbit intersects with K at only one point in G/U−,
then the image im(ψǫ) of the homomorphism ψǫ : G〈X1,...,Xl〉 × H → Aut(K, Jl+ǫ) contains the
identity component of the group Aut(K, Jl+ǫ) of automorphisms of the complex manifold (K, Jl+ǫ).
Example 4.16. We consider Example 3.2. Take A1 = −bT2+ i(T1+ aT2) and small X1 ∈ gRhol. As
a global distribution on G/U− ∼= (C2 − {0})× (C2 − {0}), we have
l¯ǫ =
〈
z1
∂
∂z1
+ z2
∂
∂z2
+ c(w1
∂
∂w1
+ w2
∂
∂w2
) +
∑
i,j≤2
(
aijzi
∂
∂zj
+ bijwi
∂
∂wj
)〉
with c = a + bi for complex numbers aij , bij with a11 + a22 = 0, b11 + b22 = 0. By [10, Corollary
2], for sufficiently small X1, exp
(
l¯ǫ
)
-orbit intersects with K = S3 × S3 at only one point. Thus we
actually have a Lie algebra isomorphism
H0(K,T 1,0Jl+ǫK)
∼= C⊕ (sl2(C))〈X1〉 ⊕ (sl2(C))〈X1〉.
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